
PROBLEMS OF OPTIMIZING MULTILAYERED 

SPHERICAL VESSELS 

Yu. V. Nemirovskii and M. L. Kheinloo UDC 539.3 

The problem of calculating a composite construct ion possess ing  defined optimal proper t ies  
when compared with other construct ions of the given type is considered in this paper in the 
case of spherical  vesse l s  in the domain of elast ic s t ra ins .  

1. Let a spherical  vesse l  constitute a set of N concentr ic  spheres  connected with one another (Fig. 1) 
and made f rom mater ia ls  which in the general  case are  different. The vesse l  is loaded by uniform internal 
and external  p r e s su re s  and is under the conditions of s tat ionary heating. 

We introduce the dimensionless quantities 

,~  = ~ ~  r~ = p~ / l ,  T~ ----- T i  ~ / T . ,  
o $i = ~ ~  E~ = E~ ~ / p,  ~o i = ~e~ / p ,  

zri = zr~ ~ I p,  v~, a~ = al I l, ~N+i ---- b / l, 

h~ = h~ ~ / l, p~ = p~~ / p u~ --r= U~ o / l,  

~* = Z~ *~ / P' Pml = P~+~ / P 

where p, T . ,  l a re  the charac te r i s t i c  p re s su re ,  t empera ture ,  and linear dimension; ~ and T~ are  functions 
of the s t ress  and tempera ture  in the i- th (i = 1, 2, 3 . . . . .  Nj sphere; E~, vi, fie are  Young's modulus, Po isson ' s  
rat io,  and the coefficient of l inear expansion in the i- th sphere; a~ r ,~Z. = ~ .  , u~ are  the s t r e ss  and displace-  

. - o i ~1 ~ i  
merit components m the t- th sphere; a i and h i a re  the inside radius  and thickness of the i- th sphere; p[ is 
the react ive  p re s su re  on the inner surface of the i-th sphere; b and P~q+i a re  the outside radius and the out- 
side p r e s s u r e  for the composite spherical  vessel ;  p i (ai -< P i -< a i  + l) is the cur ren t  radius within the limits 
of the i- th sphere; and a~ ~ is the limiting s t r ess  in the i- th sphere.  

We shall assume in the general  case that Young's moduli va ry  with t empera tu re  according to some 
law Ei = Ei(Ti). Then for a cer tain sphere with the number i (Fig. 1) (the numerat ion begins f rom the inner 
cavity) we obtain the equation [1, 2] 

~i" + ri E~ ~ , '  __ E~' -4- ~ i  = Ti '  (r~) Ei �9 i (t, -- ~i) ~ (i -- ~i), 

(a pr ime denotes a derivative with respec t  to the dimensionless coordinate ri) ; the general  solution of this 
equation has the form 

3 

j=s 

Here ~1i and $2i are  the par t icu lar  solutions of the homogeneous equation, while r is the par t icular  
solution of the nonhomogeneous equation. 
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Fig. 1 

If the  m a t e r i a l  of a l l  s p h e r e s  i s  i n c o m p r e s s i b l e ,  then  fo r  any  r e l a t i o n -  
sh ip  E i = E i (Ti) we have 

~ = r~, ~ = r~ ~ g~dr~, g~ = rC~E~ 

If the  m a t e r i a l  of the  s p h e r e s  i s  c o m p r e s s i b l e  and Y oung ' s  modu lus  
does  not  depend  on t e m p e r a t u r e ,  then  

* ~  = r~, r  = rC ~, ~a~ = - -  2,31E{rC ~ (t - -  v~) -~ ~ Tiri~dri 

and in the  a b s e n c e  of  a t e m p e r a t u r e  f i e ld  

%~ = r~, %~ = r (  ~, %~ = 0 (1.1) 

The  s t r e s s e s  Ori, oi0 and the d i s p l a c e m e n t s  u i a r e  d e t e r m i n e d  in t e r m s  
of the  s t r e s s  func t ions  ~i  by m e a n s  of  the  e x p r e s s i o n s  

3 $ 

z ~  = ~,  c~r ~, zo~ = 2 -~ ~ c#~ (,#~r~ -~ A- * S )  
i=1 i = i  

u~ = r~EC ~ ~, A~ir -}- ~r~T~, A~i = 2-' [(I -- 3vl) ~ r l  -~ ~- (I -- v~) ~i ']  

where the constants of integration eli and c2i are determined from the boundary conditions 

(1.2) 

and a r e  equa l  to 

cii = ( - -  l) i+1 (Dii -F Bi~) D~- i 

D ~  = a~pi%~ (ai+l) - -  ~+ iP~+l~  (al) 

n = #  j 

In a n u m b e r  of  c a s e s  i t  i s  e x p e d i e n t t o d e s i g n  m u l t i l a y e r e d  v e s s e l s  which  a r e  s t r e n g t h e n e d  by f a i r l y  
th in  s p h e r i c a l  s h e l l s  m a d e  f r o m  h i g h - s t r e n g t h  m a t e r i a l s .  If a l a y e r  wi th  the  n u m b e r  i c o r r e s p o n d s  to such  
a she l l ,  then  in (1.2) we m u s t  put  

~ = 0, ae~ = a~ : :r (P~ - -  Pt+l) (2hi) -1 

u~ = a~ 2 (Pl - -  P~+I) (l - -  v~) (2E~h~) -~ -? a ~ r ~  ( ~ )  
(1.3) 

Indeed ,  us ing  the L a g r a n g e  t h e o r e m  ([3], page  128) and the cond i t ion  h i << a i (and, in f ac t ,  a i  ~ a i +  l ,  

~ j i  (cri)~ Cji (~ i+1) ,  ~ j i '  ( ~ i ) ~  ~ j i ' ( ~ i + l ) ) , w e  have  

D~ = [~p~ (~) ~;l( (~0 --  ~ i '  (ai) ~1~ (a~)] hl 

Dji = a ~  (a 0 (p~ - -  Pi+l), n = i ,  2, n ~ j 

Subs t i t u t ing  t h e s e  e x p r e s s i o n s  into (1.2),  we ob t a in  the  e x p r e s s i o n s  (1.3) o U s i n g  the  jo in ing  cond i t i ons  

u~ (a~+l) = u~+1 (a~+l) (k = t, 2 . . . . .  ~v - 1) 

we ob ta in  the  s y s t e m  of  equa t i ons  fo r  the  d e t e r m i n a t i o n  of the  r e a c t i v e  f o r c e s  pj  (j : 2, 3 . . . . .  N): 
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di~P~ "4- P~§ -~ d~p~+~ = M~ (1.4) 

w h e r e  

w h e r e  

die = HikS~ -i ,  d~  = H~Sk-1," M~ = R~S~ -1 

Hi~ = a~ [Ai~ ( • k + l )  ~ $ k  ( a k + l )  - -  A2~ (ae+i) ~ie (~r D~+I 

H 2 k  : a ~ + 2  [ A I , k §  ( ~  r  ( ~  - -  A 2 , ~ §  ( ~  r  ( a k + l ) ]  n~n~ 

ICe = D~n~Le+i (zr - -  L~ (ae+l) D~+i 

L~ (r~) = Bl~Aie (r~) - -  B ~ A ~  (r~) -~ D~A3~ (r~) -~ B~T~ (r~) D~E~ 

Se. = a~+ i {D~§ 1 [A~e (~r ~Pl~ (ae) i-- Al~ (a~+x) ~ (a~)] ~ n~D~ [A~:~+~ (a~+l).r (a~+~) - 

T h e  g e n e r a l  s o l u t i o n  of  t h e  s y s t e m  (1.4) is  o b t a i n e d  by the  C r a m e r  m e t h o d  [4] 

P~+i -~ AkA-i (k = i,  2, : . . ,  N - -  i) 

A = 

1 d~i 0 0 . . .  0 0] 

dis i d~ 0 . . .  0 0[ ..0.. ? 
0 0 0 0 . . .  di,N_i t l  

w h i l e  z~ k i s  o b t a i n e d  by  r e p l a c i n g  t h e  k - t h  c o l u m n  by  the  c o l u m n  of the  r i g h t  s ide  of t he  s y s t e m  (1.4) .  

We  d e n o t e  

(i.5) 

(i.6) 

d - 1  ]1 --  1, j r  = I - -  itdz;t_ljrt_i (1.7) 
(t : 2 , 3 , . . . , N - - i )  

S ince  J k  ~ 0 [for  A =  J t J  2 . . .  J N - I  ~ 0, s i n c e  t he  s y s t e m  (1.4) m u s t  h a v e  a u n i q u e  s o l u t i o n ] ,  we o b t a i n  
the  f o l l o w i n g  s o l u t i o n  of  t h e  s y s t e m  (1.4),  u s i n g  t he  G a u s s  m e t h o d  [4]: 

p, = KlYi - i  - -  K,d , l  (YlY2) -1 ~- Ksd21d2~ ( J 1 Y 2 f 3 )  - I  - - o  . .~ ~- ( - -  1) N KN_id, i d , 2 . . ,  d2,N-2 (J1J~Ya �9 �9 JN_l) -1 

P3 = K2J2 -~ - -  Kad~ (Y2Ya) -~ + K4d2~d~3 ( ]2JJ4)  -~ - - - . -  i+  ( - -  l)N-iKN_id22d~3.., d2,N-2 (f~Y3 �9 �9 �9 YN-i) -i  (1.8) 

�9 , . . . . . . . . . . . . . .  o , . , . . . . . . . . . . . . .  . 

- 1  
PN-1 : KN-2YN-2 - -  KN-ld2,N-.2 ( ' [ N - 1 j r N - 2 )  - i  

-1 
PN ":~ KN-1JN-1 

K i = M 1 - -  dilPi , K~ ---- M:  - -  di2 [M i - -  dilPl ] Yl - i  

K a ~-- M 3 - -  M 2 d i a ] (  i -~ dl~dla [Mi  - -  dliPi ] (J~J1) - i  

, ~ . �9 , , . , , , . . . .  , . . . . .  o . . . , . , . , . . . .  �9 

i - 1  . . .  . UN-i = M N - i  - -  d,,N-lPN+I - -  N-2dl,N-1JN-2 J- ~- 
q- (--  l )Ndi,N-idi,N-2 " " " diadi~ [Mi  - -d l iP i ]  (]N-~JN-3 . . . ]aJ,Yi) - i  

T h e s e  r e l a t i o n s h i p s  a r e  c o n v e n i e n t  s i n c e  t hey  g i v e  e x p l i c i t  e x p r e s s i o n s  of the  r e a c t i v e  p r e s s u r e  in  
t e r m s  of  the  p a r a m e t e r s  of  the  c o m p o s i t e  v e s s e l ,  e x t e r n a l  load,  a n d  t e m p e r a t u r e .  

2.  T h e  g e n e r a l  a n a l y t i c a l  e x p r e s s i o n s  o b t a i n e d  in  Sec t ion  1 for  the  d e t e r m i n a t i o n  of  the  r e a c t i v e  p r e s -  
s u r e s  and  s t r e s s  and  d i s p l a c e m e n t  d i s t r i b u t i o n s  in  the  c a s e  of  a n  a r b i t r a r y  a s s e m b l y  of  a c o m p o s i t e  s p h e r e  
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al lows us to fo rmu la t e  and solve a n u m b e r  of p r o b l e m s  c o n c e r n e d  with op t imiza t ion  of  mu l t i l aye red  s p h e r i -  
cal  v e s s e l s .  

The f i r s t  fundamenta l  op t imiza t ion  p r o b l e m  is: find such a cons t ruc t i on  of a compos i t e  sphe r i ca l  
v e s s e l  fo r  which,  under  given loading (including a t e m p e r a t u r e  field) in all  s p h e r e s  o r  in some  of them,  a 
c e r t a i n  l imi t ing s ta te  is fulf i l led.  F o r  example ,  at  c e r t a i n  points  the condit ion of yie ld  o r  u l t imate  s t r eng th  
is sa t i s f ied .  If an in te rna l  th in -wa l led  she l l  is included in the a s s e m b l e d  cons t ruc t ion ,  then loss  of s tabi l i ty  
is poss ib le  for  a c e r t a i n  c r i t i c a l  s t r e s s .  

The second fundamenta l  op t imiza t ion  p r o b l e m  is: find such  a cons t ruc t i on  of  a mu l t i l aye red  s p h e r i c a l  
v e s s e l  that  the absolute  d i s p l a c e m e n t s  on the inner  o r  ou te r  s u r f a c e s  a r e  a min imum.  

In addit ion,  in c e r t a i n  cons t ruc t i ons  it is poss ib le  to sa t i s fy  both r e q u i r e m e n t s  at the same  t ime (the 
mixed  op t imiza t ion  p rob lem) .  

We in t roduce  the f u n c t i o n f i ( r i )  which under  the T r e s c a  o r  Mises  p l a s t i c i ty  condi t ions  has  the f o r m  

3 

]i (r~) -~ ~0~ --  zr i = 2 -x ~1 cj~ [, j i '  (r~) --  ~2Jl (r~) r c ' ]  
]--1 

To solve the f i r s t  op t imiza t ion  p r o b l e m  we mus t  f i r s t  of al l  find ] f i ( r i )  I = t f i ( r~)  I in the r e g i o n  ~i  _< 
r i -< a i +  1. Fu r the r ,  the fol lowing c a s e s  a r e  poss ib le :  

1) in sphe re s  with c e r t a i n  indices  q the y ie ld  condi t ions  a r e  fulfi l led a t  the r ad i i  r~;  the r e s t  of  the 
s p h e r e s  r e m a i n  e las t i c ;  

2) the ins ide sphe re  does  not lose  s tabi l i ty  [5]; 

3) al l  s p h e r e s  r e m a i n  e las t ic ;  

4) the inside sphe re  loses  s tabi l i ty .  

The condi t ions  

]f~ (r~*) [ -- %* (2.1) 
I f~ (ri) I < zi*, r{ =# r~* (i = i, 2 . . . . .  N) (2.2) 

P2 --  P~ < P*, p* = 2Elh12~l -~ [3 (t --  v,~)l -v~ (2.3) 

c o r r e s p o n d  to the c a s e s  1) and 2). 

The inequal i ty  (2.2) for  al l  r i  and 

P~ - -  Pl = P* (2.4) 

c o r r e s p o n d  to the c a s e s  3) and 4)~ 

Equat ions  (2.1), (2.4) and the inequal i ty  (2.2), which should be r e g a r d e d  as  cons t r a in t s  on the p a r a m -  

e t e r s  ~i,  Ei ,  vi, a~, Pl, P N + t ,  with 

c o r r e s p o n d  to the c a s e s  1) and 4). 

In (2.1)-(2.4) the p r e s s u r e s  pj a r e  ca lcu la ted  acco rd ing  to the e x p r e s s i o n s  (1.8). 

We note tha t  in the absence  of a t e m p e r a t u r e  field 

]i(r~) 3(pi P~+I) 3 3 -1 ~ 3-I -8 

and max I it (r~) [ ---- I f{ (~r ] for ~i ~< rl ~ ai+l. 

Consequent ly ,  in this  case  in (2.1), (2.2) we mus t  take  r~  = ~q. In the second fundamenta l  op t imiza t ion  
p r o b l e m  we can find the m i n i m u m  of tu l tor  luNI with r e s p e c t  to the p a r a m e t e r s  ~i,  ui, El ,  Pl, PN+ 1 under  
the condi t ions  

209 



Ih ( rd ]<~{* ,  p , * - p l < p *  ( i = i , 2  . . . . .  iV) 

The solut ion of this  p r o b l e m  on the bas i s  of the gene ra l  e x p r e s s i o n  (1.2) is c a r r i e d  out by a s t anda rd  
method ([3], page 318). T h e r e f o r e ,  fu r the r  de ta i l s  in this  d i r ec t ion  a r e  omi t ted  he re .  

The  solut ion of the s y s t e m s  of  nonl inear  a lgeb ra i c  equat ions  (2.1) fo r  the p a r a m e t e r s  being v a r i e d  
can be sought  by means  of  the s u c c e s s i v e  approx ima t ions  of Newton [6]. Here  the p r o b l e m  conce rned  with 
the choice  of the f i r s t  app rox ima t ion  mus t  be cons ide red  in each  p a r t i c u l a r  ca se  s epa ra t e ly ,  in con fo rmi ty  
with the choice  of  the p a r a m e t e r s  to be va r i ed .  F o r  example ,  when va ry ing  the quant i ty  C~j, in  the r o l e  of  
the f i r s t  approx imat ion  we m u s t  take ~j : c~ t + ( j -  1) (a  N + t -  ~t) N- l .  

In a n u m b e r  of  c a s e s  the spec i f ic  f ea tu re s  of  the des ign  of  the r e q u i r e d  compos i t e  v e s s e l  a l lows us to 
s impl i fy ,  to some  degree ,  the e x p r e s s i o n s  (1.5), (2.1)-(2.4).  Let ,  fo r  example ,  in a c e r t a i n  p a r t  of  a mul t i -  
l aye r ed  sphe r i ca l  ve s se l ,  thin she l l s  and th ick  s p h e r e s  be a l te rna t ing .  

We denote these  shel ls  by the indices  t, while the s p h e r e s  a l t e rna t ing  with them a r e  denoted by the 
indices  s. Then,  using the na tu ra l  a s s u m p t i o n s  

h~ ~ h8 
(2.5) 

(h t and h s denote r e s p e c t i v e l y  the t h i c kne s se s  of the shel ls  and spheres)  and s t ipulat ing that  the condi t ions  
of p l a s t i c i ty  be fulfi l led in c e r t a i n  shel ls  with the indices  q (q a s s u m e s  al l  o r  a p a r t  of  the n u m b e r s  c o r r e -  
sponding to the indices  t), ins tead  of  Eqs .  (2.1) we, fo r  example ,  obtain 

1% (p~ - pq+l) (2h~) -~ I = ~q* (2.6) 

where  the solut ion of this  s y s t e m  of equat ions  mus t  sa t i s fy  the inequal i t ies  (2.2) fo r  i ~ q. In addit ion,  on 
t h e  bas i s  of (2.5) and the Lag range  t h e o r e m  on a mean  value ([3], page 128) the coef f ic ien ts  (1.5) fo r  k = t 
and k = s r e s p e c t i v e l y  a s s u m e  the f o r m  

dtt ----- - -  ( i  + O~ht) -~, d2t = - -  Utht ( i  + Otht) -~ 
dt~ ---- --  u.h~+t (l + 0~hs+l) -1, d~ = --  (i 4- 0~h~+1)-1 
Mt = Nth~ (i + 0tht) -t, M~ =,N~h~r (i 4- 0~h~+l) -1 

Ot = n tV, *  [A~,t+~ (at) %,~+1 (at+~) - -  A I , , I  (at) *~,t+1 (~+~)1 st -1 
et = Df+t [A,t (a,) ~bl, (a,) - -  A v (a,) *,t (=t)] 

• = ntDt*~t+, [A~.t+l (at) r (a,) - -  Al.t+l (:h) %,,+1 (~t)l (atet) -1 
Nt = Lt* {at [A~t (at) %, (at) - .  Art (at) ~P,t (:q)] Dt+*~} -~ 

0, = n ~  [A2, (a,+2) ~h~ (a,) --  A~ (a~+~) *2, (%)] e, -t 

es = D,~ [A~,s+t (as+2) '1,,+1 (as+2) - -  Al,,+t (as+2) ~P2,s+t (a,+2)] 
% = a, [A~, (a,+2) * t ,  (a~+,) --  At, (a,+,) r  (a,+~)] D~+t (%+#,)-t  

N, = L ,  ~ {e,+~D,~ [A,,,+I (a,,+~.) .tpt,,+, (~,+,) - -  A~,~,+I (%+.~) ~Pz,,+l (a,+,)l} 4- 
Bit*=~ps~(at)r  , n = l , 2 ,  14=n 

D~* = %~ (o:~)],." (at) - -  %t" (at) *.. (~) 

D~+~ = %~+~ (at) %,m (at+'~) - -  %,t+t (~-~) * , ,m  (a~) 
* *  * *  * *  

L~ = Dt*nt [B~,t+tA~,t+t (at) - -  B~,t+tA~,t+t (at) + Dt+tA3,t+l (at) + ~t+lrt (at) X 
X DT~IEt+t] _ Dt~l [Bit*Air (at) - -  B~t*A~t (at) -[- Dt*Aat (at) 4- ~tTt (at) Dt*Et  

~ ~  = %~ (~) ~ (a~+d - r  (%§ r  (~), n = t ,  2, i 4= n 

D~ ~ = %~ (~) r  (~+~) --  %~ (~+~) %~ (~) 

L,  ~ = D,~ [Bi[,+,A,,,+, (a,+.,) - -  B;7,+IA..,o+ t (a,+,.,) + D2+tA3,,+, (or 4- 

_L [~,+IT ' (as+,) D;~.lEs+tl - -  D2+, [Bt,~ (~s+,) - -  B,,eA~, (as+,) 4- 
+ D~~ (a,+~) + ~.T, (a..~) D,~ 

(2.7) 

(2.8) 
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minus  i s  t a k e n  for  c o m p r e s s i o n ) ,  wi th  (2.7) 
f r o m  which  by s u b s e q u e n t  c o m p u t a t i o n s  we 

In t h e s e  e x p r e s s i o n s  p r i m e s  deno te  a d e r i v a t i v e  wi th  r e -  
s p e c t  to  the  a r g u m e n t  i n d i c a t e d  in b r a c k e t s  a t t a c h e d  to the  f tmc-  
t ion;  a t and g s  a r e  the  in s ide  r a d i i  of  the  s h e l l s  and s p h e r e s ,  
w h e r e  i t  is  a s s u m e d  tha t  ~ t  = a t + l ,  a s + l  = ~ s + 2 .  

On the  b a s i s  of  (1.7), (2.5), and (2.7) fo r  m u l t i l a y e r e d  s p h e r -  
i c a l  v e s s e l s  wi th  a l t e r n a t i n g  s h e l l s  i t  is  n a t u r a l  to t ake  

J~ = i ,  J t  = i - -  dltd~t,_ 1 (2.9) 

H e r e  we m u s t  b e a r  in mind  tha t  dz0 = 0, i . e . ,  J1 = 1. 

In c e r t a i n  c a s e s  E q s .  (2.9) a l low us to ob ta in  a n a l y t i c a l  
e x p r e s s i o n s  for  o p t i m a l  t h i c k n e s s  of  the  s h e l l s .  

We c o n s i d e r ,  fo r  e x a m p l e ,  the  c a s e  w h e r e  the  c o m p o s i t e  
v e s s e l  wi th  a l t e r n a t i n g  s h e l l s  i s  loaded  only  by the e x t e r n a l  
p r e s s u r e  (M l = M 2 = . . .  = MN_ 1 = Pl = 0). Subs t i tu t ing  in th i s  c a s e  
the  e x p r e s s i o n s  (1.8) into (2 .6 ) ,where  the  a b s o l u t e - v a l u e  s i g n s  
a r e  r e p l a c e d  by the m u l t i p l i e r  kq = • 1 (plus  is  t a k e n  fo r  t e n s i o n ,  
and (2.9) t a k e n  into a c c oun t  we ob ta in  a s y s t e m  of equa t ions  
f ind 

hN ---- - -  (2kNdN*) -I  - -  0~L1 at q = N 

hq - -  ~ q ~ + 2 ~ q k q +  2 (aq+2Oq+16q*Oqkq) 1 -1 - - O q _ , - - O ~  1 

h l = x l % * a l k a ( O l v l * a a k l ) - l - - O l - l a t  q = l  

(2.10) 

H e r e  the  q u a n t i t i e s  0t, n t ,  6s,  ~ s  a r e  ob t a ined  f r o m  (2.8) when s u b s t i t u t i n g  E q s .  (1.1), wh i l e  the  index 
q c o r r e s p o n d s  to s h e l l s  in which  E q s .  (2.6) a r e  fu l f i l l ed .  

The  e x p r e s s i o n s  (2.10) g ive  the  o p t i m a l  t h i c k n e s s e s  of  the s h e l l s  wi th  the  i n d i c e s  q of any  c o m p o s i t e  
s p h e r i c a l  v e s s e l ,  in the  p o r t i o n  of  i t  w h e r e  s h e l l s  a l t e r n a t e  wi th  s p h e r e s ,  the  v e s s e l  be ing  l oaded  only by 
e x t e r n a l  p r e s s u r e .  

Since a l l  hq, 0s,  ~<s, 0t, ~ t  m u s t  be p o s i t i v e  a c c o r d i n g  to  t h e i r  mean ing ,  we m u s t  t ake  kq = - 1  in (2.10). 
Consequen t ly ,  a l l  s h e l l s  of  an  o p t i m a l  c o m p o s i t e  c o n s t r u c t i o n  s i m u l t a n e o u s l y  r e a c h  the  y i e l d  p o i n t s  in c o m -  
p r e s s i o n o  The  so lu t i on  (2.10) thus  ob t a ined  m u s t  s a t i s f y  the  i n e q u a l i t i e s  (2.2) fo r  i # q. T h e s e  i n e q u a l i t i e s  
can  a l w a y s  be s a t i s f i e d  a t  the  e x p e n s e  of  the  cho ice  of the  r e m a i n i n g  p a r a m e t e r s  {)l, P N + I ,  E i ,  v i ,  o~ (for  
i#q). 

3. In the  r o l e  of an  e x a m p l e  we c o n s i d e r  the  p r o b l e m  of  a t h r e e - l a y e r e d  s p h e r i c a l  v e s s e l  of  the  s h e l l -  
s p h e r e - s h e l l  type ,  l oaded  by an i n t e r n a l  p r e s s u r e  Pl and  an  e x t e r n a l  p r e s s u r e  P4. In t h i s  c a s e  N = 3; t = 1, 3; 
s = 2; q = 1, 2, 3. The  i n e q u a l i t i e s  (2.2) and (2.3) d e t e r m i n e  the  r e g i o n  of  e l a s t i c  s t r e s s  s t a t e s ,  wh i l e  p r e -  
s e r v i n g  the  s t a b i l i t y  of the  i n s ide  s h e l l .  The b o u n d a r i e s  of  t h i s  r e g i o n  a r e  d e t e r m i n e d  by  E q s .  (2.1) and 
(2.4). F o r  the  p a r a m e t e r  v a l u e s  

El = 40000, E2 = 3000, E3 = t4000, v, = 0.3 
vz = 0.25, vs = 0.3, ~l* = 100, az* = l 
p4 = t0.0, ~a*= 20, p = [ ~a *~ [, l = b 

(3.1) 

the  r e g i o n s  of e l a s t i c  s t a t e s  a r e  found i n s ide  the  f i v e - c o r n e r e d  f i g u r e s  AkBkCkDkE k shown in F ig .  2. 

A t  the  s a m e  t i m e  the  v a l u e s  k = 1, 2,  3 c o r r e s p o n d  to the  i n d i c e s  ha=0 ,  0.005,  0 .01.  The  s o l i d  f i v e -  
c o r n e r e d  f i g u r e s  c o r r e s p o n d  to the  p a r a m e t e r  a 1 = 0.2; t he  d a s h e d  f i g u r e s  c o r r e s p o n d  to the  p a r a m e t e r  a 1 = 
0.6.  The  c u r v e s  AkB k and CkDk a r e  ob t a ined  f r o m  Eq~ (2.1) for  q = 2, and t hey  c o r r e s p o n d  to the  r e a c h i n g  
of the  y i e l d  p o i n t s  on the  i n s ide  d i a m e t e r  of the  s p h e r e ,  for  t e n s i o n  and c o m p r e s s i o n  r e s p e c t i v e l y ,  The  
c u r v e s  BkCk a r e  d e t e r m i n e d  f r o m  Eq.  (2.4), and they  c o r r e s p o n d  to the  l o s s  of s t a b i l i t y  of  the  i n s ide  s p h e r e .  
The  c u r v e s  DkE k a r e  d e t e r m i n e d  f r o m  Eq.  (2.1) for  q = 1, and t hey  c o r r e s p o n d  to the  r e a c h i n g  of the  y i e l d  
po in t  on the  in s ide  d i a m e t e r  of  the  i nne r  s h e l l  unde r  the  cond i t i ons  of c o m p r e s s i o n .  When  c a l c u l a t i n g  t h e s e  
c u r v e s ,  n o a s s u m p i t o n s w e r e  u sed  fo r  the  s h e l l s .  A c a l c u l a t i o n  a c c o r d i n g  to the  e x p r e s s i o n s  (2.6) (for q = 
1, 3), s i m p l i f i e d  on the  b a s i s  of the  a s s u m p t i o n s  (2.5),  p o i n t s  to a su f f i c i en t  r e l i a b i l i t y  of  t h e s e  e x p r e s s i o n s  
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for finding the curves AkB k, BkCk, CkDk within the whole range of the computed values of h 1 and h 3, for the 
curves DkEk this applies for h i < 7 .10  -3. The corresponding curves  are  located fair ly close to the curves  
AkBk, BkC k, CkDk, DkEk in Fig. 2 with a maximum deviation of 15% and are  not presented because of their  
cumbersomeness .  

We note that in Fig. 2 the points Bk, Ck, and Dk correspond to optimal designs, with the points Bk, Ck 
corresponding to the yield point in the sphere and the loss of stability of inner shell being reached s imul-  
taneously.  The points D k correspond to the yield points being reached simultaneously in the sphere and the 
inner shell. For  the pa rame te r  values (3.1) the yield point in the outer shell can be reached only after  the 
yield points in the sphere and (or) the inner shell or after  the loss of stability of the inner shell. 

The use of graphs like those depicted in Fig. 2, although giving fair ly clear  information about the state 
of a composite construction, turns out to be inconvenient for finding optimal pa rame te r s  of the construct ion 
with a large number of elements .  In this case it is more  convenient to use direct ly  Eqs.  (2.1)-(2.4) or the 
simplified Eq. (2.6). In Figs.  3 and 4 at p = P4, l = b, for the pa ramete r  values 

~ 1 = 0 . 3 ,  ~2  ~ 0.25, v~ = 0 . 3 ,  P l  = 0 ,  n :  = 4~ - n2 = 3/ i4,  a i  = 0.2 

we have presented the graphs of the relat ionship b e t w e e n - a *  (n = 1, 2, 3) and h l, calculated according to 
the expressions (2.1) (solid lines) and (2.6) (dashed lines). The curves  AkBk and CkDk (k = 1, 2, 3, 4, 5) a re  
calculated respect ively  for h 3 = 0.01 and 0.001. As is seen f rom these curves,  the use of the assumptions 
(2.5) is completely justified. 

The graphs represented  in Figs.  3 and 4 allow us to determine the approximate values of the optimal 
pa r ame te r s  of a composite spherical  vessel .  Thus, for example, for 

cr i = 0.2, nl = 40/~, n2 = 3/14, l : b, --%* ---- 0.27, --~i* = 16.2,--%* = 2.70, p~~ = t85 kg/~m2 

from the graphs (solid lines) in Figs. 3 and 4 we see that the feasible values of the optimal pa ramete r s  
must  be located in a region which is a common part  of the regions 

i.e., 

h i ~  i0-s [80, 82]; h i ~ i0 -~ [25, 3il, 
ha ~ t0 -3 [i, 10], h a ~ l0 -3 [i, i0], 

\ 
hi ~ 10 -3 [t, t01 

h a ~  10 -a [t, 10l 

hi ~ 10 -5 [80,'~821, ha ~ 10-a [t, t01 

Assuming that the curves AkB k, when h 3 var ies  uniformly, are  t ransformed uniformly into the curves  
CkD k, we obtain 

for the case considered.  

hi ~ 0.008i, h8 -~ 0.0050 (3,2) 
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For  these values the plast ici ty conditions are  satisfied simultaneously on the inside diameter  of the 
sphere and in the outer shell. With the aid of (2.2), (2.3) it is easy to see that the inner shell remains  e las-  
tic and does not lose stability. 

We note that the values (3.2) can be used in the role of the f i rs t  approximation to improve the values 
of h 1 and h 3 according to Newton's method with use of Eqs. (2.1), when the thickness of the shells is not too 
small .  

Concluding, we make the following observation.  To show that the method of calculation presented is 
true also in the case where the inner shell loses stability, in (2.3) for the sake of simplicity we used the 
expression of cr i t ical  load of the individual shell. 

In real i ty,  when the stability loss of the inner shell is accompanied by deformation of the layers  to 
which it is joined, the cr i t ical  load can be different. The correspondIng problem can be solved, and the r e -  
sulting value must be used for the improvement  in (2.3). However, this problem will be considered sepa-  
ratel:r 
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2, 
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